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Abstract

The graphical expansions of non-commutative integrals over self-ad-
joint elements of certain types of Clifford Algebras are given in terms
of power series over ribbon graphs and Mobius graphs. The coefficient
of each term in the series depends only on the topological type of the
ribbon or Mobius graph, and these formulae are computed explicitly in
this paper.

Introduction
he asymptotic expansions of the matrix integrals over real symmetric, complex hermitian, and qua-
ternionic self-adjoint matrices have been obtained using Feynman diagram expansions and ribbon
graphs [3, 5]. Informally, this means that an integral over a class of matrices with entries in some algebra
can be written as an infinite sum over graphs drawn on closed surfaces.

The results have been generalized to matrix integrals with values in group algebras over finite groups
[6] and to those with values in von Neumann algebras, which are a more general class of non-commuta-
tive algebras [7]. Each matrix integral can be written as an infinite series where each term corresponds
to a graph drawn over either an orientable or a non-orientable surface. What makes these expansions
more interesting is that the coefficient of each term in the series depends only on the topological type of
the corresponding graph, and hence may give us some information about topological properties of the
surface on which the graph is drawn.

The most general result obtained is displayed in Theorem 1.1 from [7]. (see page 48)

Some examples of von Neumann algebras are the Clifford algebras, which have many applications,
especially in physics. In the case of Clifford algebras Cl  jwith a positive definite quadratic form [2], the
coefficients A?"; and Ap% in the graphical expansion of the integrals can be formulated in simple ex-
plicit formulae involving only the dimension n of the underlying vector space for Cl . The purpose of
this paper is to give those explicit formulae with the proofs. Our main result is dlsplayed in Theorem 1.2,
which was formulated using the same notations as in Theorem 1.1.
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Theorem 1.1. For areal von Neumann algebra A, we have
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and Ha is the set of self-adjoint elements of A, Autp(T) is the automorphism group of the
Mébius graph T', St is the Riemann surface associated to ', f(T') is the number of faces of
T, g(T") is the genus of St if Sris orientable, and k(T') is the cross-cap genus of Sr if Sr is
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Theorem 1.2. For a Clifford algebra A =Cl .
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Ribbon Graphs and Mobius Graphs

An undirected graph T is a 3-tuple (V, E, i), where V is called the set of vertices, E the set of edges, and
i:E— (VxV)/&; theincidence relation of the edges;i.e., i(e) = {u , u,} means that the edge e is incident
to the vertices u, and u,. A graph can be represented pictorially by a dot for each vertex and an arc con-
necting two vertices for every edge incident to those vertices.

A(traditional) graphisomorphismbetweentwo graphsisapairofbijectionsbetweenverticesandbetween
edgesthatpreservestheincidencerelations. Moreprecisely, fortwographs, I'; = (Vi, Ey, 1), Ty = (Va, Ea,43),
a graph isomorphism ¢ : 'y — Ty is a pair of bijections ¢v : Vi — V; and ¢ : Ey — E2 such
thatif i1(e) = {v1,v2} in Ty, , then i2(pg(e)) = {ev(v1),pv(v2)} in Lo.

The edge refinement of a graph I' is a new graph obtained by adding a new vertex on every edge,
hence splitting each edge into two edges. More precisely, it is the graph T" = (V’, E',i') , where the new
vertex set V’ is the disjoint union of the original vertices and the new vertices, one on each edge, so
V' =V ][ Vg, Vg = {ucle € E}.  The new edge set E’is the disjoint union of two copies of the original
edges, because there are two new edges for every original edge, so £/ = E]]E. The new incidence re-
lationis ¢ : E' — V x Vg. , because every new edge is incident to an original vertex and a new vertex.
We can then define the group Aut(I") of automorphisms of a graph I to be the group of traditional graph
isomorphisms from the edge of refinement of I to itself.

The edges in the edge refinement of I" are called half-edges of I'. The number of half-edges incident
to a vertex is called the valency or degree of that vertex. At every vertex, we can define a cyclic ordering of
half vertices incident to that vertex. An ordering of the vertices u1,---,%; isin the form (Ukyy -5 uk;),
and in a cyclic ordering (wky, .- uk; ), = (Wk;, Uy, .-+ uk; 4) . A graph with this cyclic structure at
every vertex is called a ribbon graph. There are (j — 1)! distinct cyclic orderings of half-edges at every j-
valent vertex.

A Mobius graph is a ribbon graph with a &2 coloring on every edge. A vertex flip operation at a vertex
of a Mobius graph is an operation that reverses the cyclic order of the half-edges incident to the vertex
and changes the & coloring of every edge incident to the vertex. Two Mobius graphs obtained from one
another by a finite sequence of vertex
flip operations are identified.

A ribbon graph automorphism
AutR(F) of a ribbon graph I' is the sub-
group of the automorphism group of
the underlying graph that preserves the
cyclic ordering of half-edges at every
vertex in I'. Similarly, a Mobius graph
automorphism Aut (I') of a Mobius
graph I is the subgroup of the auto-
morphic group of the underlying graph
that preserves the cyclic orderings and
the vertex flip operations on I'.

Consider a ribbon graph I' = (V]
E, i, ¢), where c is the cyclic ordering
given to the vertices. As in Figure 2.2,

Underlying graph

Ribbon Graphs

Figure 2.1. Two different ribbon graphs of the same underlying graph.
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we can represent a half edge as a pair

of arcs with opposite directions. These
pairs of arcs come together at a vertex
% and are connected in a orientation-pre-
serving manner as shown in the figure.
The other end of a half edge, which is

not connected to a vertex, is connect-
ed to another half edge. There are two
ways to connect the arcs, orientation-
preserving and orientation-reversing ways, as seen in Figure 2.3. For a ribbon graph, the half-edges must
be connected in an orientation-preserving way. If we allow the half-edges to connect without regard for
their orientation, we get a Mobius graph.

Figure 2.2. A vertex of a ribbon graph.

T e

Connected in an orientation-preserving way Connected in an orientation-reversing way

Figure 2.3. Two different ways to connect two half-edges.

We have realized the ribbon and Mobius graphs as oriented or non-orientable surfaces with bound-
aries. The boundary of a ribbon graph I' is made of oriented closed curves. By attaching an oriented
surface with a boundary to every “hole” made by one of the closed curves, we get an oriented compact
surface S without a boundary. The boundary of a Mobius graph is made of oriented or non-orientable
closed curves. By attaching an orientable or non-orientable surface to each boundary component, we get
a compact Riemann surface S that is either orientable or non-orientable.

Each of the surfaces attached is called a face of the ribbon graph I'. We denote by f(I") the number of
faces of T, e(I') = |E ,and v(I") = |V| The Euler characteristic x(S,) of the surface S is defined as

x(St) = v(I') — e(I) + f(I).

If S is orientable, then

x(Sr) = 2 — 2g,

where g is the genus of the surface S,. If S is non-orientable, then

X(SF) =2- k?

where k is the cross-cap genus of S.
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Feynman Diagrams

Let S be a finite set with even cardinality. A way of partitioning elements of S into disjoint pairs (of
two elements each) is called a pairing scheme of that set. Let ~ be an arbitrary equivalence relation on S.
Then we can consider the equivalence classes in (S/~) as vertices of a graph and the pair {s, s,} as an edge
incident to the equivalence classes [s,] and [s,]. Hence, each pairing scheme of S gives rise to a graph. If
we define cyclic ordering on each of the equivalence classes, then the graph becomes a ribbon graph, and
each element of S corresponds to a half edge of the ribbon graph. See Figure 3.1.

A Pairing Scheme

The corresponding ribbon graph (a Feynman Diagram)

Figure 3.1. A pairing scheme and the corresponding Feynman Diagram.

[ |

(A) A pairing scheme

oo d =l

(B) Label the half-edges (C) Permute the half-edges

Lo

(D) Remove the labels.Image of (13) on (A).

Figure 3.2. The action of (13) € G4 on a pairing scheme with one vertex.
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Suppose S| = 2m, and ~ partitions S into v, subsets of j elements each, for j =1,2,...,2m. Then the
semi-direct product G = H?;"l 6,; x (&;)% acts on the set of pairing schemes S and X as follows. Each
Sy, permutes the v equivalent classes in S/~ with j elements, and each &; permutes the elements in each
equivalent class of j elements. Figure 3.2 shows the action of (1 3) € &4 on a pairing scheme with a sin-
gle vertex. The action of permuting vertices is similar. Notice that this action does not change the graph
corresponding to the pairing scheme. Hence, all the pairing schemes corresponding to the same graph
have the same stabalizer subgroup under the action of G. Notice that the automorphism group of a graph
I', coincides with the subgroup of G = H?Zl Sy, % (6;)% that is the stabilizer of each pairing scheme
corresponding to I'. The orbit O_ of a pairing scheme x is the set of pairing schemes that correspond to
the same graph as x, because one pairing scheme can be brought to another using a G-action if and only
if these pairing schemes correspond to the same graph.

For a set X and a group action G on X, for every z € X, we have

(size of orbit) x (order of stabilizer) = (order of G)
0:|G| = |G}
Hence,

0a 1
TR

and for a graph with v; j—valent vertices for j > 1,

3.1 # pairing schemes corresponding to I’ 1
[Ls105tG)Y |Aut (L")

If we consider the action of G = [[72} &,, x (C;)* on X where C; is the cyclic group of order j,
then each orbit of G action on X is a ribbon graph because two pairing schemes can be brought from one
to the other if and only if they correspond to the same graph and they have the same cyclic order of half-
edges at every vertex. Then we have for a ribbon graph I" with v; j—valent vertices for j > 1,

(3.2) # pairing schemes corrgsponding oI’ 1 .
szl v; g% |[Autr(I)]

Now, consider the action of G = [[}7, &,, x (D;)" on X where D; is the dihedral group of order
2j. Then each orbit of G action on X is a Mobius graph because a Mobius graph allows cyclic rotation and
reflection (vertex flip operation) at every vertex. The following formula will be useful in later sections.

For a Mobius graph v; j—valent vertices for j > 1, we have

(3.3) # pairing schemes corresponding to I' 1
[L51v51(25)% |Autps ()]

Clifford Algebras

Let Vand W be two vector spaces over the same field F. Then their tensor product V& W is a vector space
over F spanned by elements of the form v @ w such that for each v,v1,v2 € V,w, w1, wp € W,c € F,
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(1) (+v)@u=10w+1rw

(2) v® (w1 +wz) =v @ w1 +v & w2

(3) c(vew) = (cv) @w = v (cw).
This tensor product is associative.

Recall that an algebra is a vector space W over a field F with a multiplication which turns it into a
ring, such that for any ¢ €F,w1,w2 € W, we have c(wi-wz) = (cw1)-wz =vi-(cw2). Let V be an n-
dimensional vector space over a field F. For 7> 1,let 77(V) = Q" V =V®---®V  (r times), and
T°(V) = E Then the direct sum T(V) = @,207"(V) hasan algebraic structure, and it is called the tensor
algebra of V over F.

Suppose q: V=F is a quadratic form on V. That is, given a basis B of V, there is an n x n matrix A with
entries in F such that foreach v € V,q(v) = v]5A[v]s, where [v]g  is the coordinate vector of v with re-
spect to the basis B. Let Iq(V) be the ideal in the tensor algebra T(V) generated by{v ® v+ q(v)[v € V'}.
Then the Clifford algebra associated to V and q is defined to be the quotient

(4.1) CeV,q) =T(V)/1g(V).

In other words, C£(V,4) is the algebra obtained from (V) by setting

b8 = —g(v)
for each v € V. From now on, we will write = ® y as zy when there is no confusion.
Now, consider the Clifford algebras Clrs = CL(V,q)  where V. = R™* and x = (€1, -+, Tr+s),

(4.2) q(I):x1+...+x%71'%+1._...._Z-,’%_'_S_

Here, we will consider only CI . Hence, the matrix A mentioned earlier is the n x n identity matrix I .

Let {e1,---,en} be the standard basis of V =R" For any subset, K = {k1 < <kj} = of
n] ={1,...,n}, let e, = ex, -~ -ex,. We will use the following proposition without proof, which can
be found in numerous books on the subject, including [2].

Proposition 4.1. For the Clifford Algebra Clyq, the set {e,| K C [n]} as defined above

forms a basis.

For any 1 <4,j <n,i # j, we have g(e; + €;) = 2, and ¢(e;) = g(e;) = 1; hence
qlei +ej) = —(ei +ej)(e; +ej) = — (eses + ejej + eiej +eje;) = qei) + qej) — eej — eje;
— 2:1—0-1—61‘63'—63'61‘

= €i€j = —€;€;.
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Moreover, 612 = —q(e;) = —1. Hence, we get
—eqse; if 1#£]g
(43) eiej — I f 7&]
-1 ifi=j

For K = {ki < --- < k;}, consider €2 = (er, --€er;)(er, - - €x;).  The term ek, in the middle
can change place with the €k; on its left with an extra factor of -1. Then it can again change place with the
€k;—1> and so on. Hence, after changing place j - 1 times, the €k, is next to the leftmost ek, . Then these
two terms vanish, leaving a factor -1, hence the total contribution of the two ex,’s is (—1)7. Similarly, the
two eg,’s vanish, leaving a factor (—1)i-1. Continuing in this fashion, we get the formula

K| (K|+1)|K]
(4.4) 2 = (-1)Zr=1P = (-1) = .
Now, for K,L C [n], consider turning exe, = (ex; ---ex;)(ey ---€,) into €.€x =
(e, -~ -eu,)(ek, -+ -ex;).  Starting from ey, each of the €1, can be brought to the new place by inter-
changing all of the j e,s. If K N L is empty, then the number of (-1) factors obtained is |K||L| .
However, for each element p € KN L, interchanging two €p’s does not contribute anything. Thus the
total contribution is (—1)IKIILI-IKNL| and e e, = (—1)IKIIEI-IKNLle ¢ . Hence, we get

(4.5) epe e tert = (—1)IKIL-IKNL],
Lemma 4.2. For the basis {e,.| K C [n]} of Clpy,

2n if n is even

2ntl if nois odd

1
Z exe e e =27+ 3 2" - (-2)") = {

K,LC[n]

Proof. From (4.5),
(4.6) Yo epeetet= Y (—pllE-IEnL,

(K,L)€[n]x[n] (K,L)€[n]x[n]

We will now compute the right hand side of the above equation.Let I Cc U C [n], i = |I| and j = |[U\I|.
We will consider pairs (K, L) € [n]x[n] such that KUL=U and KNL = 1I.

If j =0, then U=1 so K = L. Hence, |K|L|-|KNL|=|K|?-|K|, which is always even, so

(=1)IKILI-IKNL] — (_1)IK|2—|KI -1 Thus, every pair in [n] x [n] of the form (K, K) contributes 1 to

the sum, so the total contribution of the pairs of the form (K, K) is 2".

There is a one-to-one correspondence between the pairs (K, L) suchthat KNL=I1,KUL = U,
and between the subsets of U\ I, because every subset S ¢ (U\I) corresponds to a pair (SUI,U\S).
There are 2/ subsets of U\, so that there are also 2/ pairs (K, L) such that KNL=1,KUL = U,

Notice that for a non-empty set, the number of subets with even cardinalities is the same as the num-
ber of subsets with odd cardinalities. To see this, note that for any set A with |A| = n > 0,

( number of subsets of A ) ( number of subsets of A )

with even cardinality with odd cardinality

= Y (B = i <’Z> (~1)i=(1-1)"=0.

BCA =0
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Now, suppose ] is positive and odd. Then,
|K|+ |L| =2|KNL|+ |(KUL\(KNL)| =2+

is odd, and one in the pair (K, L) is odd and the other is even. Thus, |K| |L| is even, and

(71)|K[\L|—\K0L| — (_1)~]KUL| _ (71)—1' _ (_1)1"

Hence, in this case, each pair (K, L) contributes (-1)' to the sum on the right hand side of (4.6). Therefore,
for odd j > 0, the total contribution from any I and Uis (-1)'2 .

Now suppose j > 0 is even. Then |K| + |L| = 2i + j is even, so |K| and |L| are either both odd or both
even. Hence, |K||L| is even when |K] is even, and odd when |K| is odd. As seen above, exactly half of the
subsets of U/I have even cardinalities and the other half have odd cardinalities. Therefore, among the
pairs (K,L) where KNL =1 and KUL =U, |[K| iseven half of the times and odd half of the times,
and so is [K||L| Hence, (—1)IKIILI-IKNLI s equal to 1 in one-half of the cases, and -1 in the other half, so
the total contribution to the sum is 0.

Therefore, oo .
_KILI-|KNL| _ on n\ n-—z1 o
> =33 (1))
K,LC[TL} =0 j:l
—1)%27 if j is odd o ,
where f(i,7) = (=1) tiso = %(—1)’(23 — (—2)?). In this formula, f(i,7) =0
0 if 7 is even

when j = 0, so we can change the summation to make j start from 0 instead of 1. Then

> apeon =y S5 () (M) L@ - a)
=1

K,LC[n] i=0 j

="+ % ; ) EDH @) - (24 )
=2"+ % (143" —(-1-1)")
=9 (2 (-2

2ntl if nois odd

{ 2" if n is even
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Lemma 4.3. For the basis {e,.| K C [n]} of Cly,

2 _
Zek—

KC[n]

((1 + i)n—l—l + (1 - i)n+1) ’

DN | =

where i = v/—1.
Proof. From (4.4),

if |K|=0,3(mod 4)

e? =(-1)
if |K|=1,2(mod 4)

{KH;HKI__{ 1
-1

Hence, > KCln) e = sp — an, where s, is the number of subsets of [n] whose cardinality is

0 or 3 (mod 4), and ay, is the number of subsets of [n] whose cardinality is 1 or 2 (mod 4).

Thus,

n
s= X ()

0<k<n

k=0,3(mod 4)

n
w= 2 (})

0<k<n

k=1,2(mod 4)

Using the basic formula

we get

Re (141)™™) = Re

((20)+ ()

0<k<n+1 0<k<n+1
k=0(mod 4) k=2(mod 4)
n n n n
PR ORP VR (A S NP S 1)
0<k<n 0<k<n 0<k<n 0<k<n
k=3(mod 4) k=0(mod 4) k=1(mod 4) k=2(mod 4)
n n
-2 W2 0
0<k<n 0<k<n
k=0,3(mod 4) k=1,2(mod 4)
= s, — an,
= j{: e2
KCn]
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Integrals over Clifford Algebras: Proof of the Main Theorem
Let An =Clno be a Clifford algebra with the basis {ex|K C [n]}. Recall that e = +1 and that
et =1 Any element y € A, has the form

y= Y yFe,,

KCn]

where each ¥* € R. Define the adjoint operator by

Y= Z yKeI;l: Z yKeieK.

KCln] KCln]

Then (y*)* =y and y + y* is self-adjoint for any eg,’s If z € 4, is self-adjoint, then

KCln] KCn KCln]
so z = e2 zx forall K C [n]. Define the trace () : An — R by

< > yK6K> =y°.

KCln)

Let Ha, denote the space of all self-adjoint elements of An, and define the differential operator a% on Ap
by

Lemma 5.1. If = € Ay is self-adjoint, then

a 1 * 1 *
(5.1) 2 es(@y+y) — pesl@(uty)
dy

Proof. Since x is self-adjoint, 2% = e2 zx for all K C [n].
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Lemma 5.2. If z € A, is self-adjoint, then

(5.2) <(§)]>l 3x(y+y™)) — = (z j>l€§(x(y+y*)>
Y

Proof. Note that e2*WHy") ¢ R, Thus, using (5.1) j times gives

(5.3) - <xje%<z<y+y*>>>

Repeating (5.3) I times gives (5.2).
From the above lemma, we get

o\’ \'
<<a_> > ety
y

We will now go back to the formula in Theorem 1.2.

Proof. Proof of Theorem 1.2.

From the Taylor expansion of the exponent function, we get

:/HA”
_ /H ] (i 4 (;_J] <xﬂ’>)vj) du(x)
:/HA,,

L(x?) R gt 1 2 3
_ 1y v v v,
¢ > ool vgl - 2vr g gus o (2@ du(z)

(v1,V2,V3,.. )€N°°

> lgr [, o

(v1,02,v3,... JEN> j=0 ]

N>—‘

oo
H (27)% dp(z

1

Now we will compute [, € 1) 720(a?)"dp(z). Recall that [, e~ 1) dy(z) = 1, and that

(5.4) /H e @2 gy = 1
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after the coordinate change z — z — 2. Using (5.4) and (5.2),

(5))
Ay an o
= /ra\\" . ) )
11 <<a) > / e~ HE—WHP) gz 3+
. Y H
j:l An yIO
oo i\ Vi
1] <<2)J> )
o1 \\9%Y y=0

Thus, the integral we are computing becomes

'U] ) tv_‘l

(5.5) § H << ) > e ((y+y™)?) H%
. U4

(v1,v2,03,... )N j=1 y=0 =0 vt (27)

By straightforward computation, using the properties of the e, ’s, we get

9 M) _ _a_ei<(ZMC[n](1+e§w)yMeM)2>

dyx dyx

=0 A w1462, (e,
oyx

(5.6) 2
= %yKef{(Q + 2¢2 )ei((y+y*)2>
= yKe2 (1+e Je i{+y)?)

= (y* +yxed) exlr?),

— Lore? (14 €2 26t Sucn(ihel, Pwey, )

Hence
o 0 R 0 1 2
H{(y+y*)?) _ K 4 yKe2 ) ei(Wty)?)
ByL By oo (v +y"e2)e -
5.7
( ) - 6KL +(5KL K
= (exe;’) + (exey)
Let us rewrite equation (5.5) as
finite 9 G\ Y " 2
Y +y* Vi
SIS S
=0 (v1,v2,v3,... )EN® j=1 y=0

e(v1,v2,03,... )=n

where €(vi,v2,v3,...) = ijljvj' The product is finite because for finite e(vi, vz, vs,...), there are only
a finite number of non-zero v;’s.
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—®@

By the definition of the differential operator,

o\’ B 9
o (&) )= 2, o gyt &
Ki,...K;

Using (5.9), each summand in (5.8) contains Z 517V differential operators. This number is also
e(vy, vy, v3,...). Notice from (5.6) and (5.7) that all the differential operators must be paired to get a
non-zero contribution. As shown in the section on Feynman Diagrams, each pairing scheme gives a
graph. Since the trace is invariant under the cyclic ordering, each pairing scheme gives a ribbon graph.
From (5.7), every pair of differential operators receives a contribution (e, e;!) + (e e, ). Also notice
that there are two ways to connect two half-edges (Fig. 2.3). Thus, we will say that an edge has a con-
tribution (¢ ¢, ) if it is connected in an orientation-preserving way and has a contribution (e, 1) if it is
connected in an orientation-reversing way. Therefore, both orientable and non-orientable Mobius graphs
arise. There is a natural way to partition the half-edges (the differential operators) according to the term

(et e K1> hence each vertex has the contribution <e;<1 . el—{1> Also note that there are v; j—valent
1
vertices in the corresponding Mobius graph. Using (3.3), we get’
~La) T, (@) 3 1
e 4 e~J 2j d/l,(ZC) = WAF
Hap T Mébius Graph M

where Auty(I) is the automorphism group of I" as a Mobius graph and Ar is the contribution made by
I. This 4. is equal to the sum of contributions of all possible ways of assigning e, to each half vertex,
so that the productis (ej! - ey K 1Y = +1 at each j-valence vertex, <6K6_ ) = +1 lor every twisted edge,
and (e e,) = %1 for every stra1ght edge. The only way either (¢ e, ) or (e, e-1) can be non-zero is when
K =L, so a half- edge, labeled ¢, , can only be connected to another half ecfge labelede, , contributing
(exer’), with a twisted edge or (¢ . ) with a straight edge.

This Feynman diagram expansion formula is summed over all Mobius graphs, both connected and
not connected. The graphical expansion of the formal logarithm of the integral involves only the con-

nected Mobius graphs as shown in [3]. Hence,

_1 1
log/ e 4(x2>621 2]( >d'u( ) Z m—(—l_‘ﬂAF
Han I" Connected Mo6bius Graph M

N S

Figure 5.1. Contraction and expansion of an edge.

Consider contraction and expansion of edges (as shown in Fig. 5.1). Suppose v, and 4, are two ver-
tices of a Mobius graph I', and there is an edge e between them. The contribution from 4, is (aet) and
that from 4, is <e—1 b).- Contracting the edge e changes

> K Len] (ae; V) (excer) (e;1b) 1O (ab). Since the product is ey, ---ef, = +ey for some M, we can
Write ¢ = peys, b = gey Wherep, o — 1. We can then see that
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Z (ae M) (e e, ) (e]') = Z (ae e, ) e (€2 e, b)

K,Len] Ke[n]

(5.10) = Y {aey) el (exb)

Keln]

Z (peyex) ei (expey) -
Keln]

If M # N, then the above formula is equal to 0 and (ab) = (pe,,qe,) =0, so

(5.11) Z (ae; ') (exer) (e, 'b) = (ab).

K,L€en|

If M = N, then the formula in (5.10) becomes

<peMeM> eif <6quM> =DPCyCy ei] €€y = Py €y = <ab> )

so (5.11) holds true again.

Now let us consider orientable Mobius graphs, i.e., those Mobius graphs whose edges are connected
in orientation-preserving ways. By contracting and expanding edges as in Figure 5.1, the Mobius graph
can be brought to the ribbon graph in Figure 5.2. The above computation shows that contracting or ex-
panding edges does not change the value of Ar .

Therefore, the contribution Ar depends only on its topological type (f(I') and g(Sr), and using

—1,2 _d,
o €5 =€p€x =g,

or
9.f = Z
Ki,....Kg,L1,...,.Lg, X <€K1 eSl> <6L1 6T1> T <6ngsg> <6L96Tg> <€M1 6N1> e <6Mf—leNf—1>

S],‘..,Sg,Tl,...,Tg,
My,....;My_1;N1,....,Ng 1

e

-1_-1_-1_-1 -1_-1_-1_-1_-1_-1 -1 -1
<esl er €k, 6L, " €3, 61, €K, €L, €0, E Ny er_leNf,1>

1 -1.-1_-1 1 -1.-1_-1 1 -1 1 -1
_ Z <6K16L1 €KL " CK, 6L, O K, CL, € Cany "'er_ler_1>
2 2 2 2 2 2
Ki,....Kg,L1,...,Lg, X €K.1€L0, " ngeLgeMl e er—l
Ma,....,My_y
= er.ereerl e er eterl e et e et
E K€€ €1,y Kg€LgCK,CL, W €M1, My aCM;p_y ) -
K1y Kg L1, Ly,
My,....Myg
_ -1 _-1 1 -1
= E <6K16L16K16L1 "'ngeLgngeLg>‘
KiysKg,L1 s Ly,
Ma,....,My_q
Since the indices Mi, ..., My_1 can be any subset of [n], there are 2" choices for each 3z;. Combining

this with Lemma 4.2, we get

(5.12) Agy = (% (2" = (-2)") +2”)g(2”)f-1.
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If T is not orientable, then it can be brought to the standard non-orientable graph by a sequence of
vertex flip operations, edge contractions and expansions.

=
o= .

Figure 5.2. Standard graph for orientable (ribbon) graphs. Figure 5.3. Standard graph for non-orientable
Méobius graphs.

From the standard graph, we can see that the contribution is

—1_-1 1 -1 -1 -1 -1 -1
Anor <6K16L1 €K, 60, M E Ny er,leNf,1>
kf = E :

-1 -1
Ki,...Kg;L1,...,Lg; X <6K16L >"'<6Kk€L ><6M16N1> "'<6M 16N _1>
Mu,...;Ms_1;N1,...,Ny 1 ! k ! !

—1\2 —1\2/,-1\2 -
() (ex)2(eh - (exh )?) €y,

. Il
- M

2 2 2 20,2
= Z (eKleKl) “.(eKkeKk) (eMleMl)Qu'(e?Wf,ler—l)z 6%1 .”e?\df_l

= > (exy)* -+ (ex,)?

Since the indices My, ..., M;_; can be any subset of [n], there are 2" choices for each j7;. From this
and Lemma 4.3, we get

k
(5.13) AE?} - G_ ((1 iyt 1- ,L-)n+1)> (Qn)f(F)—l.
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From (5.12) and (5.13), it follows that
(5.14)

og [ <Ko D)
Hanp

=Y e} @y o I
T" connected orientable ‘AUtF’ 2 J ’
Mobius graph
1 1 41 1 g f-1 v, (T)
+ ) i (3 (@™ @) ) @y T
I" connected nonorientable 7

Moébius graph

Such explicit formulae are not yet known for other Clifford Algebras C/¢.s or for the general
CL(V,q).
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